We derive the moduli space for the global symmetry in N = 1 supersymmetric theories. We show, at the generic points, it coincides with the space of quasi-Nambu-Goldstone (QNG) bosons, which appear besides the ordinary Nambu-Goldstone (NG) bosons when global symmetry G breaks down spontaneously to its subgroup H with preserving N = 1 supersymmetry. At the singular points, most of the NG bosons change to the QNG bosons and the unbroken global symmetry is enhanced. The G-orbits parametrized by the NG bosons are the fibre at the moduli space and the singular points correspond to the point where H-orbit (in G-orbit) shrinks. We also show the low-energy effective Lagrangian is the arbitrary function of the orbit map. *
Introduction
In this paper, we investigate the relation of the two elements : one is the moduli space of global symmetry in the supersymmetric (gauge) theories and the other is the low energy effective Lagrangian described by the supersymmetric nonlinear sigma model with the Kähler target manifold parametrized by the chiral Nambu-Goldstone (NG) superfields. The moduli space of gauge symmetry is well understood in terms of the Kähler quotient space [8] or the the algebraic variety [3, 4] . The zeros of scalar potential is made of F-flat condition and D-flat condition. Since the gauge symmetry G is enhanced to its complexfication G C , it is easy to deal with. But in the case of global symmetry G, although the F-term symmetry is enhanced to its complexification by the analyticity of superpotential, the D-term symmetry is not enhanced to its complexification, since it includes both chiral and anti-chiral superfields. Therefore the moduli space of global symmetry is obtained by the set of F-flat points divided by the symmetry G but not its complexification, since there is no D-flat condition. Since it is complicated and is not known at all, we investigate it in this paper. The F-term zeros is just the G C -orbit of the vacuum. In the case of gauge symmetry, since the D-flat points constitute the one G-orbit in the F-flat points, the moduli space of gauge symmetry is parametrized by G C -invariant polynomials. In the case of global symmetry, the G-invariant but not G C -invariant polynomials parametrize the moduli space.
On the other hand, the F-term zeros is well known in the context of the low energy effective Lagrangian. When global symmetry breaks down spontaneously to its subgroup, there appear the Quasi Nambu-Goldstone (GNG) bosons besides the ordinary Nambu-Goldstone (NG) bosons as massless bosons. They constitute massless NG chiral superfields with QNG fermions (fermion partners of them). After integrating out the massive mode, the low energy effective Lagrangian is obtained as the supersymmetric nonlinear sigma model with the Kähler target manifold [9, 10, 11, 12, 13, 14, 17, 18, 19, 1, 2] . (For a review see [22, 23, 24] .) Since the target space is the F-term zeros, it is the Kähelr coset manifold where G C acts transitively but not isometrically and G acts isometrically but not transitively. The general Kähler potential with G symmetry has been obtained by Bando, Kuramoto, Maskawa and Uehara (BKMU) in Ref. [10] . It has not been known up to recently that the low energy theorems exist [1, 2] , since it includes an arbitrary function of G-invariants.
But since it has not been known that how many variables are included in it in general except for few examples [14] , in this paper we determine the number of the variables in the arbitrary function of the effective Kähler potential. The number of QNG bosons changes even if we consider one theory, since there exist the supersymmetric vacuum alignment [15, 14] . Although it is known that there must exist at least one QNG boson [11, 12, 14] , it has not been known the minimum number of QNG bosons except for few examples [14] . In this paper, we determine the range of the number of QNG bosons and show the minimum number of QNG bosons coincides with the number of the variables in arbitrary function and the dimension of moduli space of global symmetry.
We investigate the moduli space of global symmetry in two ways : one is the algebraic geometrical methods such as the algebraic variety and the other is the differential geometrical or group theoretical methods such as the Kähler coset manifolds. The former is used mainly to calculate the dimension of the moduli space.
The later is used to investigate more complicated structures of the moduli space.
This paper is organized as follows. In the next section, we discuss the general aspects of moduli space both in the gauge and global symmetry. We found, in the case of global symmetry, the moduli space is the quotient space, the set of F-flat points divided by the symmetry. Since the set of F-flat points is the G C -orbit known as the Kähler coset manifold, we review only its basic aspects.
In Sec. 3, we investigate the detailed structure of moduli space in the algebraic geometrical and the differential geometrical way, and show the relation to the low energy effective Lagrangian describing the behavior of NG and QNG bosons. In Sec. 3.1, we show that the moduli space of global symmetry is parametrized by moduli parameters which are G-invariants but not G C -invariants. We decompose the moduli space to some regions with isomorphic unbroken symmetries. Sec. 3.2 is devoted to investigate the low energy effective Lagrangian. We show that it is written as an arbitrary function of moduli parameters and it is equivalent to the known Kähler potential [10, 11] by the identification of moduli parameters constrained by F-term and the representative of Kähler coset manifold. (So the number of variables is the dimension of moduli space.)
In Sec. 3.3, we investigate the structure of the Kähler coset manifold in detail.
The main results of this paper are obtained in this subsection. We generalize the observation by Kotceff and Shore [13, 14] that the non-compact directions belonging to the same H-irreducible sector are not independent. It is shown that the number of G-invariants agrees with the number of H-irreducible sectors of the mixed-type complex broken generators, but in general it does not coincide with the dimension of moduli space. We also show that the dimension of each region of moduli space is the number of H-singlet sectors. We prove that, in generic region, all H-irreducible sectors become singlet and the number of them is just the dimension of moduli space. We also show that the singular points in moduli space correspond to the points where H-orbit shrinks in the target manifold. Sec. 3.4 is devoted to the calculation of the dimension of moduli space and the number of QNG bosons.
In Sec. 4, we give some examples and demonstrate the theorems obtained in Sec. 3. We investigate O(N) and SU(N) with fundamental (and anti-fundamental) matters and SU(N) (N = 2, 3) with adjoint matters. In Sec. 5, we give some comments to the gauging of global symmetry. Sec. 6 is devoted to conclusions.
Moduli space
In this paper, we assume that the vacua are transformed by some symmetry G.
Suppose there is a gauge and global symmetry, G = G gauge × G global . It does not have to be direct product, but for simplicity we suppose it here. The fundamental fields φ is in some representation space V = C N of G. The scalar potential is [24] V(φ, φ
where T A is the generator of the gauge group. The first term comes from the Dterm of the gauge symmetry and the second term from the F-term. The D-flat condition is necessary and sufficient condition that the length of the vector φ, | φ|, is minimum [5, 6] . Since the moduli parameters are the freedom that remains after bringing the fields φ to some constant configuration by using all the gauge and the global symmetry, the moduli space is written as
where we have used the fact (see [24] )
which is a result of the Higgs mechanism. The D-flat condition corresponds to G C gauge /G gauge , which is also equivalent to taking the Wess-Zumino gauge [24, 3] .
Here we consider the two extreme cases. First of all, consider the case without global symmetry, G = G gauge . In this case, the moduli space is
This is well understood as the Kähler quotient [8] or the algebraic variety [3, 4] . It is parametrized by the G C -invariant polynomials in V , which are the elements of the ring of the invariant polynomials A G C [V ] . But for the case where the zeros of the potential can be transformed by the symmetries, it becomes trivial M ≃ {1}, since there is no global symmetry.
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So we consider another extreme case. Namely suppose there is no gauge symmetry, G = G global . In this paper, we investigate this case in detail. (Even if there is a gauge symmetry, it is useful to consider them as global symmetry for a while and 1 There is another definition of the moduli space. Sometimes the moduli space is defined without the global symmetry since the quotient by the global symmetry is not easy. In such a definition, the NG bosons are included in the moduli space. 2 In the another definition of the moduli space, Eq. (2.4) is obtained as the moduli space when there is also global symmetry or not supposing that the vacua should be transformed by the symmetry. See Ref. [3, 4] . gauge them after finding the moduli space. This point of view will be discussed in the later section.) In this case, the moduli space is
The zeros of the F-term potential, M = { φ | W ′ = 0} is obtained when all G Cinvariant polynomials are fixed (see Fig. 1 ). Since we consider the case when any vacuum is transformed by the some (complexified) symmetry, G C acts on M transitively so that M can be written in the complex coset space as 6) whereĤ is the complex isotropy group at the vacuum v =< φ >, namelŷ
(We have omitted v in Eq. (2.6) since G C is transitive and eachĤ v is isomorphic.)
HereĤ includes H C ,Ĥ ⊃ H C , but need not agree with it [10, 6] . At special points in the target manifold, it can be decomposed aŝ 8) where B is the solvable Lie algebra which is written in the non-Hermitian step generators, namely, the lower-half triangle matrices in the suitable basis [10] (see Sec. 4.2). We always omit the subscript v on H at such points. When there is B,
H is not reductive. B is determined completely by the representations to which the vacuum vectors belong. M is the target space of the sigma model parametrized by the NG and QNG bosons [10, 11, 12, 13, 14, 1, 2] . The moduli space is written as
This is a quotient space but not a Kähler quotient space (for a review of quotient space, see [8] ). Naively it can be considered that the moduli space is parametrized by the QNG bosons since the NG bosons correspond to compact directions generated by the compact isometry group G.
In this paper, we consider the generic G C -orbit which has the maximal dimension. (The generalization to the singular G C -orbits which have less dimension is straightforward.) The number N Φ of the massless NG chiral multiplets parametrizing M is (see Fig. 1 , see also for example [4] ) 10) where N(G C ) is the number of G C -invariant polynomials, namely,
There are two types of the chiral NG multiplets [10, 11] 12) where N M and N P are the number of the mixed type and pure type multiplets.
In general, N M and N P can change at each points in the target space M, with the total number being conserved. This is because there is the vacuum alignment [15, 14] . When the vacuum v is transformed by
isotropy groupĤ is transformed to g 0Ĥ g 0 −1 . They are isomorphic to each other.
On the other hand, the real isotropy group H v are not isomorphic to each other, since they are obtained by the equation
Namely the real isotropy H at v is transformed to K = g 0 Hg 0 −1 , but it is no longer included in G (see Fig. 2 ). Since the NG bosons parametrize compact coset manifold G/H v , the number of them changes at each points. This means that N M and N P change. In fact, the Hermiticity of the broken generators are change at each point. It is shown in Ref. [2] that how different compact cosets are embedded in the full manifold M. It is also shown that NG bosons are actually coupled to global G-currents there. The number of the QNG bosons
This number depends on the vacuum v in the target space, since the dimension of H v depends also. The range of it will be shown in Sec. 3.4.
When the G C -orbit is a closed set, there is a point such thatĤ is reductive, namelyĤ = H C , dim B = 0 and N P = 0 [5, 6] . That is called the maximal realization there, and we call such a point as symmetric point [1, 2] . 
where ρ i (g) are unitary matrices when g ∈ G, whereas they are not unitary matrices when g ∈ G C . 4 So the moduli parameters can be chosen as
They are G-invariant since we use the unitary representation. Note that they are not G C -invariant. Second type is possible when φ i and φ j are in the same representation of G. Since they are complex number, we take real parameters θ i * j + θ j * i , −i(θ i * j − θ j * i ) as moduli parameters. We define the number of the G-invariant polynomials as N(G),
where we count them in the real dimension. The moduli parameters are the orbit
(The orbit map in the type of V /G has been discussed in Ref. [7] .) From the same calculation in Eq. (2.10), we obtain
where the index g denotes the generic points in the moduli space. It is needed since some parameters coincide at some singular points in the moduli space. Especially, at the point where some of the second types of the moduli parameters in Eq. (3.2) become real number, N(G) becomes less than N g (G).
In general, there are some relations between moduli parameters such as 6) and the moduli space can be written as
Although we do not give general expression of these relations, we give some examples in the later section.
We decompose the moduli space M to some regions M R as
Here the label R runs I, II, · · ·. Each region is defined so that the unbroken symmetry at any point in the same region is isomorphic to each other by G C transformation,
C for any two points p, q ∈ M R . Note that they are not isomorphic to each other by G-action. We denote the conjugacy class of the real isotropy groups in region R as
In general, the dimensions of various regions of the moduli space are different. (We give the way to calculate them in Sec. 3.3. ) So the dimension of the moduli space
The dimension of the moduli space will be shown in Sec. 3.4.
Effective Lagrangian
The leading term of the effective Lagrangian is the nonlinear sigma model whose target manifold is Kähler manifold and can be written by Kähler potential as [9, 24] 
The most general G-invariant Kähler potential is written by an arbitrary function of the moduli parameters as
Since the function f is a real function, the second type of variables appear in the
There is a remarkable relation
Here the subscript F means F-term constraint (corresponding to fix the G C -invariants) and ξ is the representative of the complex coset G C /Ĥ written as
where Z R ∈ G C −Ĥ are the complex broken generators and Φ R are the NG chiral superfields whose scalar component parametrize the Kähler coset manifold G C /Ĥ.
From Eq. (3.13), the moduli parameters can be written in
where v i satisfy the F-term constraints : W ′ ( v i ) = 0. So we find this Kähler potential Eq. (3.12) is just the BKMU's A-type Lagrangian [11, 10] (see also Ref [12, 13, 14] ).
If we use the variables of type θ i * j or choose the arbitrary function f nonlinear, the space where fundamental fields φ i live is no longer flat linear space. It has not been known that how many variables the arbitrary function of effective Kähler potential contains. In our formalism, it is clear that how many the variables it contains and we will show in later section that the number coincides with the minimum number of the QNG bosons, the dimension of moduli space and so on.
It is known that the QNG bosons correspond to the non-compact directions of the target manifold [11, 12, 13, 14, 1, 2] . It is also true even at the points in the target manifold where the vacuum alignment occurs and the number of the QNG bosons changes [2] . Since the symmetry of the theory is compact group G but not the G C , it
can not control the non-compact directions. This is why the QNG bosons bring the arbitrariness to the Kähler potential of the effective Lagrangian [11, 12, 13, 14] . In this paper it will become clear that the target space is the fibre bundle on the moduli space with the G-orbits as the fibre. The arbitrary function can be interpreted as the freedom of the size of the G-orbit at the each points of the moduli space, since the derivatives of the arbitrary function is related the decay constants of the NG bosons which parametrize the G-orbit [13, 14, 1, 2].
Geometry of Kähler coset manifolds
In this subsection, we derive the moduli space by investigating of the Kähler coset manifolds in detail. We use the fact that the broken generators which belong to the same H-irreducible sector are not independent and can be transformed to each other by the symmetry, which is a generalization of the observation in Ref. [14] .
First of all, consider the vacuum v belonging to R-th region of the moduli space M R , namely π( v) ∈ M R , and transform it to another vacuum v ′ = g 0 v where g 0 is the element of G C . To derive the moduli space, we need the
where Z R | M are the mixed-type generators and so Hermitian, Z R | P are the pure-type generators and so non-Hermitian andĥ is the element ofĤ v . The last two components transform v to the points in the same G-orbit, since the last element does not move v and the second term can be absorbed by the some localĤ transformation
where a i is real and X i is some Hermitian broken generators. (Here a i can be obtained by using the Baker-Campbell-Hausdorff formula. See Ref. [2] .) Therefore we can omit them to get the moduli space. Since the mixed-type generators are Hermitian, they also belong to G − H and are divided to
Let the number of the broken generator in the i-th sector be m i . So the complex broken generators are divided to 17) and each sector is transformed by h ∈ H v as
where ρ i (h) S R are m i by m i representation matrices. For the later convenience, we write these sectors as
where the index M (P) denote the mixed-(pure-) type sectors and the each components are m i dimensional irreducible representations of the unbroken symmetry
The independent transformation to the non-compact directions, first element of Eq. (3.16), are at most 20) where all parameters θ R (i) are pure imaginary. This does not still represent the independent non-compact directions. Since the new vacuum v ′ do not preserve the
where we have used Eq. (3.20) and defined
So the points along non-compact directions generated by the broken generators belonging to a same H v -irreducible sector are transitive to each other by the symmetry H v in G. Therefore the number of the H v -irreducible sectors of the mixed-type generators is the number of the independent non-compact directions. Since it should coincide with the number of the independent G-invariants, we obtain a theorem,
Here the label R denote the regions of the moduli space defined in Eq. (3.8). Although we do not give a formal proof of this theorem, we show that this is correct with many examples in the next section.
In general non-compact directions do not commute, namely g 0 g 1 = g 1 g 0 , even if they are independent one. There are commuting directions and the non-commuting directions.
First of all, suppose each sectors commute. We transform v to v ′ = g 0 v by i-
In this case, only one
R of the transformed i-th broken generators, g 0 {Z 
with some g 0 ∈ G as described around Eq. (3.9), and the identical structure of H (R) -sectors of broken generators, there is no vacuum alignment and the vacuum stay in the same region M R .
If there are some H (R) -singlets at a point in the R-th region, there are some directions in the same number which bring the vacuum to another vacuum in the same region of the moduli space, M R . So we obtain the theorem concerning the dimension of R-th region of the moduli space,
where we have defined the number of the H (R) -singlet sectors in the R-th region M R as n R (1 M ) and 1 M means the H (R) -singlet of the mixed type. The number of the H (R) -singlets is less than the number of all mixed-type sectors n R ,
The inequality is saturated in the generic region M g of the moduli space, since all the H (g) -sectors become singlets there as notated above. So we obtain the corollary,
where the index g means the generic region. Since the dimension of the generic region is the largest in all the regions, it is also the dimension of the moduli space itself from Eq. (3.10).
We give some comments on the geometry. The target space M can be considered as fibre bundle [8] . The base space is the moduli space M, the fibre is the G-orbit G/H v and the structure group is G. The projection is orbit map π in Eq. (3.4) .
The G-orbit shrinks somewhere on the moduli space. Consider some region M R of moduli space and its boundary ∂M R (if it exists). The boundary is another region M ∂R . In general the unbroken symmetry H (∂R) in the boundary is larger than the one H (R) of the bulk,
The H (∂R) is broken down to H (R) in the bulk and constitutes the H (∂R) -orbit, 
Dimension of moduli space
In this subsection, we collect the obtained results concerning to the dimension of the moduli space. From the theorem 1 (Eq. (3.23)), it is especially obtained
where the index g means the generic point. From this equation and Eqs. (3.26) and (3.5), we obtain a corollary for the dimension of the moduli space,
This is also the number of the variables in the arbitrary function in the effective Kähler potential. It can be also stated as the number of the decay constants of NG bosons.
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We have shown that the number of the QNG bosons is not unchanged even if we consider one theory. It has been known that there must be at least one QNG boson in any low-energy theory with a fundamental theory origin [11, 12] . But it has not been known the minimum number of QNG bosons. In this paper, we have found it.
The range of the number of the QNG bosons N Q is calculated from Eq. (2.14) as
The left inequality is saturated at the generic points, where QNG bosons are tangent vectors of the moduli space as
where π * is a differential map of orbit map (3.4), whereas the right inequality is saturated at the most singular points in the moduli space corresponding to the symmetric points in the target space. For closed G C -orbits, there is no Borel algebra (B = 0) and the complex isotropyĤ is reductive at symmetric points. The maximal realization occurs and there are equal number of QNG and NG bosons.
Examples
In this section, we give some examples and demonstrate the theorems and corollaries obtained in the last section. Although we will treat only the group O(N) and SU(N), 5 The authors of [14] has stated that this coincides with rank G − rank H. (see Appendix B in the second reference in Ref [14] ) But this is not correct in general. It is correct only in their example of the chiral symmetry breaking where rank H is unchanged. (It is also true in the pure realization which is the case when there is only the pure type multiplets therefore G C /Ĥ ≃ G/H [18] . In such cases, although there are no vacuum vector and they have no linear model origin [11, 12, 14] and there is no G-invariants namely N (G) = 0 which coincides with rank G − rank H = 0. It is also true when some Cartan generators are broken from the pure realization [19] .) To include other cases, even if we would modified it to rank G − rank H (g) , it is correct only in the case where there is the only one vacuum vector transforming in the irreducible representation (besides above cases).
See examples in the next section. 
Example of
Since this is the simplest example, we investigate this in detail. The physical result such as low energy theorems are investigated in Ref. [2] .
First of all, we define the generators of the group O(N) as
If we consider only the real group G = O(N), the fundamental fields φ live in the real space R N , since it is a real representation. But we need the complex extension of G, G C , they live in the complexified space C N . There is only one
namely N(G C ) = 1. We consider a G-invariant superpotential
where φ 0 is a singlet of G and a non-dynamical auxiliary field. Here f is a real nonzero constant. 6 Actually the superpotential W is G C -invariant, since it includes only chiral multiplets. If we take a limit g → infinity and decouple φ 0 , we obtain the F-term constraint,
(We have obtained it from the equation of motion of φ 0 .) The obtained space is
It is the target space of the effective nonlinear sigma model. 6 There are four kind of G C -orbits. They are classified by the value of the G C -invariant polynomial φ 2 , namely f . We now consider the case when f is real and nonzero as shown in Fig. 3 .
There is another orbit that f is pure imaginary and nonzero. Other two types are the case that f is zero. One is the case when v itself is zero. Another is the case when v = 0. Only the last one is an open set. We do not consider such orbits, since it has no real submanifold corresponding to the NG manifold without QNG bosons.
The vacuum v =< φ > at the target space can be transformed to
by the G C -action, where v is a real positive constant equal to f : v = f . We call this point as symmetric point and this region as region I. The unbroken symmetry is H = O(N − 1) and the real broken generators are
Since the NG bosons are generated by these generators, the real target space is 
Since they are Hermitian, the maximal realization occurs, namely We denote this as (N − 1) M where the subscript M denotes mixed type (see the first column of Table 1 ). So the number of the H (I) -irreducible sectors of the mixed type generators in the region I is n I = 1. Since there is no H (I) -singlet sector, the dimension of the region I is dim M I = 0 from the theorem 2. There is only one G-invariant | φ| 2 and so we have also verified the theorem 1 in the region I as
We transform the vacuum to another one which belong to region II by G C -action
where we have put g 0 as and
The real target manifold is G/H ′ = O(N)/O(N −2) generated by X i and X i ′ , which has more dimension than G/H (see Fig. 4 ).
The complex broken and unbroken generators at the non-symmetric points are obtained as
10) We write these as 
and others belong to (N − 2) P (see Table 1 ). Since the number of the singlet is n R (1 M ) = 1, the dimension of region II is dim M II = 1 from the theorem 2. We have also verified the theorem 1 in the region II as N II (G) = n II = 1. 
We have shown that there are two kinds of vacua in this model. One is symmetric point in region I and another one in non-symmetric point in region II. In the target manifold M, there are same vacua generated by G corresponding to NG directions.
Therefore it is useful to see distinct vacua that we define moduli space as a quotient space divided by the symmetry G : M = M/G. We define the moduli parameter
where F denotes F-term constraint Eq. (4.3) and ξ is the representative of the complex coset G C /Ĥ. This parameter has minimum as shown in Fig. 3 and Fig. 4 .
The moduli space of this model can be written as
This is a closed set and has two phases corresponding to the symmetric point (region I) and the non-symmetric point (region II) as seen in Fig. 6 .
The Kähler potential of the low energy effective Lagrangian describing the behavior of the NG and QNG bosons is written by using moduli parameter as 
Example of dim M = 1 (open set)
Example 2) SU(N) with φ ∈ N In the last example, the maximal realization occurs at the symmetric point and H does not include the Borel type algebra. This example contains it. (See Ref. [17] .)
Since there is only the field in complex representation φ ∈ N (no conjugate representation), we can not compose the G C singlet in the superpotential. 8 Since
As in Example 1, the vacuum v =< φ > can be transformed to where i = 1, · · · , N − 1. The complex unbroken symmetry iŝ 18) where N − 1 generators B = {X − i } is the Borel generators. Therefore the complex unbroken generatorĤ is not reductive even at the symmetric point in this case.
The complex broken generators are Table 2 ).
In this example, the G C -orbit is an open set. We transform the vacuum as 20) where g 0 = exp(iθX diag. ). (Here X diag. is the diagonal matrix which has maximal components.) The angle is taken pure imaginary θ = iθ. If we take the limit θ → infinity, it reach φ = 0. Since the origin is omitted (it is an another orbit), the orbit is an open set.
If we define the moduli parameter as
the moduli space is (see Fig. 8 ) 
The moduli space is also an open set.
There is only one region in this model. We can find that fact soon. The dimension of the G C -orbit coincides with the dimension V , since there is no G C -invariant. Since the origin is always omitted, it should be open set and there is only one phase.
Example of dim M = 2
Example 3) SU(N) with φ ∈ N , φ ∈N This example is seen in Ref. [17] . The last two examples contain only one representation vector. In such cases, the moduli space has one dimension, since the vector belongs to an irreducible representation. In this example, we introduce two representation fields. One belongs to fundamental representation and another to anti-fundamental representation transforming as
Since there is one G C -invariant, φ · φ, N(G C ) = 1. We construct the G-invariant 9 Actually there exist two kind of the anti-fundamental representation. One is given here, whereas the other is transformed as φ
Although both coincide in the transformation of G, they are distinct in the transformation of G C . We do not use this one, because we can not
superpotential with a non-dynamical singlet φ 0 ,
which is also G C -invariant. As stated in Example 1, we get the F-term constraint,
There exist two G-singlets : N(G) = 2,
So as seen in later, the minimum number of the QNG and the dimension of the moduli space should be two from the corollary 2 (Eq. (3.29)).
The vacuum v =< φ > , ṽ =< φ > can be transformed by We can transform the vacuum to the non-symmetric point belonging to the region II, where v ∝ / ṽ. We choose g 0 ∈ G C as 
where X − N −1 is defined in Eq. (4.17) and we have put e θ = −α/ṽ > 0 (α ∈ R < 0).
The transformation by g 0 is Table 3 .
Since the length of the vectors are 
There is an another independent transformation induced by X + N −1 . This time, it fixes the ṽ and decreases the length of v :
If we define moduli parameters as
the moduli space is (see Fig. 8 )
from the argument above. This is a closed set.
Since the generator iX diag. belongs to a singlet of H (I) , the dimension of the region I of the moduli space is dim M I = 1 from the theorem 2. The transformation 
with a constraint ṽ · v = f 2 .
Example of dim M = 1 with adjoint representation
Until the last section, we have investigated only the fundamental representation.
This section and the next section are devoted to the adjoint representation.
Example 6) SU(2) with φ ∈ adj. = 3
First of all we investigate the simplest example SU(2) with the adjoint matter.
The fundamental fields are The transformation by G C is
There is a matrix identity called the Cayley-Hamilton theorem,
where A is any two by two matrix and I 2 is the two by two unit matrix. By putting φ in A, we get identity, 
To find the independent G-invariant, we put φ † φ in A in Eq. (4.37) :
where we have used Eq. (4.40). We can find that there is only one G-singlet : 
are not independent.
By using G C transformation, any vacuum can be transformed to the symmetric point in region I, The non-symmetric (generic) points belonging to region II are written in
The parameter a is real, since any Hermitian matrix can be diagonalized by some
10 There is a relation, tr
The real unbroken symmetry is trivial {0}, whereas there is complex unbroken 
There exist two phases, the symmetric and non-symmetric phase. The moduli space is equivalent to that of Example 1, since there exists isomorphism SU (2)
The complexification of them are also equivalent.
The effective Kähler potential can be written as 
Example of dim M = 4 with adjoint representation
Example 7) SU(3) with φ ∈ adj. = 8
We now consider the SU(3) case. The fundamental fields are The Cayley-Hamilton theorem is
where A is any three by three matrix and I 3 is the three by three unit matrix. By substituting A = φ in Eq. (4.52), we obtain
From this equation, we can find that there is two G C invariants, tr φ 2 and tr φ 3 = −3 det φ, (N(G C ) = 2). We can obtain F-term constraints from suitable superpotential as 
The generic vacua can be transformed by G C transformation to the symmetric point,
Since there is relations between the parameters a and b and the value of the G Cinvariants, f and g as
65)
a and b are constant at the single G C -orbit. So they also parametrize the G C -orbit space V /G C . There are five types of G C -orbits. We list them in Table 5 :
In all cases, the maximal realization occur, since the adjoint representation is a real representation. The last type contains the generic G C -orbits which have the maximal dimension and the others are singular G C -orbits with less dimensions than generic orbits. In this paper, we consider the generic G C -orbit. So the unbroken symmetry at the symmetric point (region I) is H (I) = U(1) 2 and the generators of it, H (I) = {λ 3 , λ 8 } are the Cartan generators. Since it is the maximal realization, the target space is G C /Ĥ = SL(3, C)/GL(1, C) 2 . From the commutation relations, We transform the symmetric vacuum v (I) to another vacuum v (II) as 
the obtained vacuum is in the form
from a short calculation, the third type of the G-invariant in Eq. (4.57), which is complex at general point, remains real also in region II, since tr (φ
So the number of the G-invariants is 
The unbroken symmetry in this region is H (II) = U(1) generated by λ 8 . From
Eqs. The results are written in the second line of Table 6 .
There exists one more region as generic region (region III). The most generic vacuum can be written in
with constraints tr v 2 = f 2 , tr v 3 = g 3 .
Comments on gauging of global symmetry
In this paper, we have mainly considered the theory which has only global symmetry.
We comment in this section the theory with gauge symmetry. Even if the theory has a gauge symmetry, it is useful to consider it as global symmetry for a while, and gauge it after finding the moduli space. If the theory has global and gauge symmetry, we need the partial gauging of global symmetry, while if it has only gauge symmetry, we need the full gauging of global symmetry.
First of all, we consider the case that all the global symmetry G is gauged. (See Fig. 3 and Fig. 4 .) They are the set of symmetric points. It has been proved that the complex unbroken symmetryĤ is reductive, namelyĤ = H C and there is no Borel algebra, in the D-flat orbit [5, 6] . Actually, the symmetric points have this property and the maximal realization occurs there. In the moduli space, the D-orbit corresponds to one point. So the moduli space is trivial. In Example 1, it is the point labeled D in Fig. 6 . In example 3, the symmetric region, whereĤ is reductive, has one dimension. The D-point is one of them, the length of the vector Φ def = ( φ, φ ) in reducible representation of G is minimum. The minimum of
2 is shown in Fig. 8 . It is known that supersymmetry is spontaneously broken in the sigma model with the pure-type multiplets [20, 24, 22] . Only when the maximal realization can occur, supersymmtery is preserved. There is a physical explanation to this phenomenon [22] . When the massless vector superfields absorb the NG chiral super fields, if there exist pure-type multiplets, they can not constitute the massive vector multiplets and supersymmetry must be spontaneously broken.
The case of the partial gauging is more complicated. In the general embedding case, the ordinary vacuum alignment problem occurs besides the supersymmetric vacuum alignment [15] . But when the gauged group is an ideal, namely the whole the symmetry is the direct product of the global symmetry and the gauge symmetry 11 , it does not occur. Since this includes the case of the supersymmetric QCD [14, 16] , it is interesting to consider this case. We leave it to future works.
Conclusions
The moduli space of the gauge symmetry in N = 1 supersymmetric theory is well understood. But for the case of global symmetry, it has not been known at all. We On the other hand, at generic points of moduli space, the space of QNG bosons is identical to the tangent vector space of the moduli space, T p M, and the number of QNG bosons is minimum with agreement with the dimension of the moduli space.
The complex broken generators can be decomposed to H (R) -irreducible sectors, since they transformed linearly by the action of H (R) . The number of the H (R) -irreducible sectors is the number of the independent non-compact directions. They also correspond to the directions of moduli space. It can change at each regions.
From the algebraic geometrical view points, The ring of G C -invariant polynomials is generated by the finite G C -invariants and the target manifold is obtained by fixing all of them. We have considered the generic G C -orbits. On the other hand, the ring of the G-invariant polynomials is also generated by the finite G-invariant polynomial and the G-orbit is obtained by fixing all of them. So the moduli space M is parametrized by such the G-invariants (after fixing the G C -invariants).
From the relation of these two methods, we have obtained the theorem 1 We have examined the results in many examples using the method of the algebraic geometry and the differential geometry (or the group theory).
When the fields belong to the fundamental representation, it is quite easy to calculate the dimension of the moduli space by using the former method. But it is difficult to calculate it by the latter method, since we have to classify the complex broken generators to the pure-and mixed-types and study their transformation properties under the unbroken symmetry.
On the other hand, when the fields belong to the adjoint representation, it is quite easy to calculate the dimension of the moduli space by using the method of the later, since the unbroken symmetry is just the Cartan subalgebra. But it is quite difficult to calculate it by the method of the former, since we must use freely the Cayley-Hamilton theorem to reduce the number of the G-invariants.
In this paper, we have considered only the generic G C -orbits. The generalization to the other G C -orbits is straightforward. By considering it, it is possible to generalize to vacua with non-transitive G C action. (In such theories, there are extra flat directions not with related to the symmetry breaking.)
We hope that our method is useful to construct the supersymmetric Wess-Zumino term [21] , to satisfy the anomaly matching, to investigate the effective action of the branes in curved space [25] and other theoretical and phenomenological subjects of the modern physics. We hope to return to these subjects in future works.
